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PREFACE. 



I SHOULD not have published the following pages, if 
it had not been represented to me that there is not at 
present any geometrical Treatise on Conic Sections, which 
the Students of the University can conveniently use. Mr. 
Hustler, in his last edition, has defined the Conic Sections 
by their being Sections of a Cone, cut by a plane in cer- 
tain manners ; and thus he makes it necessary for his readers 
to begin the subject with Solid Geometry. This is an 
inconvenience which, I think, we in this University have 
always endeavoured to avoid, although the method has the 
sani^tion of history and antiquity in its favour. The subject 
is rendered more simple, and better suited to its place as 
an immediate sequel to Plane Grcometry, when we define 
the figures by their plane properties, as I have done. 

The study of Conic Sections in this form appears to be 
an indispensable part of a course of mathematical reading 
which goes beyond Elementary Geometry; and especially 
of a course which includes any study of Newton's Principia. 
The study of Conic Sections as a branch of Analytical 
Geometry can by no means supply the place of an acquaint- 
ance with the geometrical proofs. By seeing the subject 
presented only in an analytical form, the student obtains a 
very erroneous notion of the relation of the subject to 
geometry, and remains utterly ignorant of that part of 
mathematics which all mathematicians up to the present 
time have understood by the term Conic Sections, Nor can 
he acquire a proper apprehension of the peculiar beauty 
and generality of the language of Analytical Geometry, 
without seeing the properties of the Conic Sections before 
they are translated into that language. Moreover it is not 
too much to say that those students who have never become 
acquainted with the reasonings of Conic Sections in a 
geometrical form, will unavoidably have a very confused 
and imperfect comprehension of the reasoning of the Prin- 
cipia of Newton ; and cannot help looking upon the study 
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IV PREFACE. 

of that work as a troublesome and incongruous excrescence 
in their mathematical course. 

I am fully aware that those students of mathematics 
who proceed to the higher parts of the science must give 
a great portion of time to analytical studies : and that, in 
the common course of mathematical reading, no large 
space can be assigned to the subject here treated of. On 
that account, I have made the Treatise very brief, and have 
inserted none but what appear to be classical Propositions 
in Conic Sections. Nor indeed have I introduced all such 
Propositions. The mathematical reader who is acquainted 
with the subject, will here miss many properties of great 
beauty, which he will have seen elsewhere ; and which I 
have sacrificed to the brevity which I thought desirable. 
For the same reason, when some properties of the Ellipse 
have been proved, I have omitted the analogous properties 
of the Hyperbola (as Props, xvi, xvii. of the Ellipse). The 
reader will have no difficulty in supplying the proof from 
the analogies of the other properties. For like reasons, the 
steps of Elementary Geometry which occur in the proofs 
are given in a very concise manner. The geometrical stu- 
dent will be able to unfold the reasoning more fully ; and 
it will be an instructive exercise to do so. 

In reference to the Propositions and their proofs, I may 
observe that I have thought it desirable to prove, for each 
curve, first, and independently, those properties which do 
not depend upon a Tangent to the curve ; as the properties 
with reference to the Principal Axis. I have not attempted 
to give analogous proofs of the analogous Propositions of 
the Ellipse and Hyperbola with regard to their Diameters; 
(Ellipse, Prop, xii, and Hyperbola, Prop, xiv;) for the 
proofs are simplified in the two cases by relations special 
to each ; the relations of the Ellipse to the Circumscribing 
Circle, and of the Hyperbola to its Asymptotes. In the 
other Propositions, the analogy of the demonstrations is 
preserved. 

Trinity Lodge, 
May 13, 1846. 
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INTKODUCTION. 

(1) By calling proofs geometrical, we mean that they 
are deduced from the propositions in Euclid's Elements of 
Geometry, by reasoning of the same kind^ as that which is 
used in the Elements. 

But though this is the method pursued in the following 
pages, I have employed some modes of expression which 
are not used in the common editions of Euclid ; and have 
also assumed a few simple geometrical propositions which 
do not stand in the Elements. I will enumerate the prin- 
cipal points of this kind. 

(2) I have used the algebraical signs ■=, + and — . 
These are to be understood as being only marks for words, 
not symbols by means of which operations are performed. 

Thus A + B denotes " A together with B;" A- B may 
be read "A, its excess over B.'* And in order to preserve 
the geometrical character of the reasoning, we must not 
apply indiscriminately the algebraical rule of transposing 
terms and changing their signs. Thus, if -4 — 5 = C — X>, 
we must not infer at once that A + D ^ C+ B. But we 
may deduce this result by two steps, thus : A- B + D ^ C, 
by adding JD to the equals : and hence, -4 + i> = C + jB, by 
adding B to the equals. This is not a merely fanciful 
distinction ; for most minds moderately familiar with geo- 
nietrical reasoning, can follow one of these steps at a time, 
but not both together. 

If^-5=:2P, and^+^ = 2Q; then^=P+Q, B^Q-P. 
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(3) Also A.BoT AB is used to express the rectangle 
of lines A and B, and ^^ to express the square of A. And 
the propositions of Euelid^s Second and other Books are 
expressed by means of this notation. For instance, Eucl. 
II. 3, is thus expressed ; A{B + A) ^ AB + A^ : and Eucl. ii. 
4, thus ; {A + Bf ^A^ + B^ + 2AB. Also Eucl. ii. 5, Cor. 
is thus expressed ; A^ - B^ - (A + B){A - B). And to ex- 
press Eucl. II. 7 ; if -4 be the whole line, B one of the parts, 
^ - 5 the other part ; we have A^ + B^ ^ 2AB + (^ - 5/; 
and hence taking away 2 AB from both, 

which proposition we shall also assume. 

(4) Proportion is expressed in the usual manner, 

A : B :: C : D. 

And the propositions of Euclid's Fifth Book (including Sim- 
son's) are represented accordingly. Thus 

if A I B :: C : D, 

Eucl. V. B, B : A :: D : C; {invertendo). 

Also Eucl. V. 16, A : C :: B : D; {altemando). 

Also Eucl. V. 17, -4 : A - B :: C : C- D; (dividendo). 

Also Eucl. Y. IS, A + B : B :: C + D : D (camponendo). 

Also Eucl. VI. 16, if AD ^ BQ A : B :: C : D. 

Other consequences of the proposition A : B :: C : JD are 
also assumed, and might easily be proved ; namely, 

A -h B : A-'B :: C+ D : C-D; 

A-- B : B :\ C-^D : D\ 

A^ : B" :: C : B" ; 

AM : BM :: CN : DN; and the like. 

(5) The composition of proportions by algebraical 
multiplication may be justified by geometrical reasoning ; 
and is here assumed. Thus 
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if A : B :: C : D, 

and M : N :: JD : E, 

and N I A :: P I C\ 

we infer that M : B :: P : E (Ellipse, Prop, xi.); 

which we may thus prove. The composition of the two 
first proportions gives us, by Eucl. vi, 14, and v. 22, 

AM : BN :: C : E, 

and the third proportion gives us 

MN : AM :: P : C; 
whence by Eucl. v. 22, 

MN : BN :: P : E; 
that is, M : B :: P : E. 

The following Propositions may be assumed. 

(6) If ABC, DEF be two triangles, right-angled at B 
and E, and having the sides AB, 
AC equal respectively to DE, 
JDF; the triangles are equal in all 
respects. 

For BC = AC^ - AB", and EF"" « DF'' - DE^; whence 
BC^^EF^\ and BC^EF\ and hence, by Eucl. i. 8, the 
triangles are equal in all respects. 

(7) In any triangle, if the base be divided into seg- 
ments by a perpendicular from the opposite angle ; 

base : sum of sides :: difil of sides : diff. of segments. 

Let HPS be a triangle, PM the perpendicular falling 
upon HS in M\ then HM^ -h MP" =; HP"; and SM^ + MP^ 
«= SP», by Eucl. I. 47. 

Hence HM^ - SM^ = HP' -^ SP". 
Hence, {HM + 8M) {HM - SM) 
« (ilP + 8P) {HP - i&P), 
by Eucl. II. 5. 
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Hence Eucl. vi. 16, 

HM+ 8M : HP + SF :: HP - SP : HM - SM, 

and IIM+ SMie the base HS. Therefore, &c. 

(8) If the perpendicular fall without the base, we have 
base : sum of sides :: diff. of sides : sum of segments. 

For, as before, HUP + MP" = HP'; S3P + MP" = SP^; 
whence HAP - SAP = HP" - SP'; 
whence {HM + SM){HM'' SM) 

^{HP + SP){HP^8P). ^ ^ ^ 

Hence, HM - SM : HP + SP :: HP - SP : HM-^ SM; 
and HM - SM is the base HS. Therefore, &c. 

(9) If a straight line PQJ^ meet a curve in two points 
P, Q, and if Q come up to P 

and ultimately coincide with / ^ yi 

it ; the straight line PQX will 
ultimately assume a position 

PT; in this position it is a /^^ 

tangent to the curve at the 
point P, y/^ 

If the line PQ, meet the 
curve in two points onZy, when 
Q comes up to P, Q and P 
become one point, and the line meets the curve in one 
point only. 

(10) Hence if a straight line PQX meet a curve in 
two points P, Q ; and if the straight line move parallel to 
itself till P, Q, coincide, it will then be a tangent to the 
curve. 

(11) The tangent to a circle is defined to be "a straight 
line which meets the cmre and being produced does not 
cut it." (Eucl. III. Def. 2). But we cannot give this as a 
definition of a tangent to any curve. For if the straight 
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line which cuts the curve, cut 
it in three points, as O, P, Q; 
and if, when Q comes to P, O 
also comes to P; the straight 
line, though it then becomes 
a tangent, will cut the curve. 
This takes place at a point of 
inflexion in a curve. 

Hence, we take a definition 
of a tangent depending upon 
the ultimate coincidence of two points ; or upon a limit. 
We may express the definition by saying that a Tangent 
is the Limit of a Secant. 

(12) The notion of a Limit and its results are given 
in the First Section of Newton's Principia ; and the proper 
place for the doctrine bf Conic Sections in the order of 
reasoning is between the First and Second Sections of the 
Principia. But the only proposition of the First Section 
which we require, in order to prove the properties of tan- 
gents, is this : that if, in two triangles ABC, DJEF, (page 3), 
AB, AC he equal respectively to DE, DF, and B and E 
ultimately right angles; the triangles ACB, DEF wiQ. ulti- 
mately be equal in all respects. 

(13) Two curves touch each other at any point, when 
they have the same tangent at that point. 

(14) If a circle be drawn, touching a curve at any 
point, and cutting it in a second 

point ; and if the second point ap- 
proach indefinitely to the first, and 
coincide with it; the Ultimate or 
Limiting Circle thus obtained is the 
Circle of Curvature of the curve at 
that point. 

If PQL be a circle which meets 
a curve in P, Q, the circle and curve 
having the same tangent PE; and if 
Q come up to P, the circle becomes 
the circle of curvature of the curve at P. 
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CONIC SECTIONS. 

The Conic Sections which we here consider are the 
Parabola^ the Ellipse, and the Hyperbola, 

THE PARABOLA. 

Def. 1, The Parabola is a curve such that every point 
in the curve is at the same distance from a given point, 
(called the Focus,) and from a given straight line, (called 
the Directrix), 

If S be the given point, EK the given straight line, P 
a point in the curve, PKE a right angle ; we must have 
SP = PK, wherever be the point P. 

Prop. I. 

If SE be perpendicular to the directrix, and A bi- 
sect SE, the curve passes through 
the point A. 

For SA =s AE ; which determines 
the point A to be in the curve, by ^ 
Def. 1. 

Def. 2. The line AS produced is 
the Principal Axis of the parabola, 
and A is the Vertex. 

Prop. II. 
If from any point P in the parabola, PM be drawn 
perpendicular to the principal axis, AM, S being the 
focus ; then (last fig.) 

MP'^^SA.AM. 

For* EM"" = AM"" + AE"" + 2EA . AM, 
by Eucl. II. 4 ; also, since SM = AM - AS, 

SM^ = AM^ + AS^''2SA. AM, 
by Eucl. II. 7. See Introd. (3) 

• Proof otherwise. By Emc\, ii, S, 4SA, AM-^-MS'^ EM'McB>v&e SA^AE. 
But EM= PK = PS, by Def. 1. Therefore 45^^ . AM-\- MS' = PS* = MP* + MS*. 

Therefore 4SA . AM=MP*. 
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Hence taking the difference of these, (since AS =* AE) 
EM^ - SM^ ==4>SA. AM, by Introd. (2) 

But EM"" - SM^ = KP^ - SJkP = SP"" - SM^ = MP'; 

hence MP' ^4^SA. AM. 
If M fall between S and A, SM ^ SA - AM, and the 
proof is in other respects the same. 

Cor. If PM produced meet the curve again in p, 
we may in the same manner prove that Mp' = AiAS .AM. 
Hence Mp « MP, 

Def. 3. The portion of the axis AM is called the 
Abscissa of the point P ; MP or Mp is the Ordinate : Pp is 
the Double Ordinate. 

Prop. III. 
The double ordinate drawn through the focus is 

LetZZbe the double ordinate drawn 
through the focus. By Prop, ii., SA being 
now the abscissa, SL^ = 4:8 A . SA = 45'^*. 
Hence, SL = 2 SA. For the same reason 
SI = 2SA. Hence LI = A^SA. 

Def. 4. The line AsSA or LI is called 
the Principal Parameter or the Latus 
Rectum. 

Prop. IV. 

In the parabola, the tangent at any point bisects 
the angle made by the two 
straight lines, one drawn to 
the focus, and the other per- 
pendicular to the directrix. 

Let P be any point in the 
parabola, PS, PH the lines 
drawn to the focus and per- 
pendicular to the directrix: Q 
a point near to P. 

Take in SQ, Sp^SP; 
draw QO perpendicular to 
the directrix ; Draw Pq perpendicular on QO. 
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By the Def. of the Parabola, SP = PH, and SQ = QO. 

Hence SQ-SP^QO- PH= QO-qO; or Qp = Qq. 

Also since 8p = iSP, the angles SPp, SpP are always 
equal; and when Q comes up to P, and PSQ vanishes, 
each is ultimately equal to a right angle : therefore Pp Q is 
ultiriiately a right-angled triangle. Also PjQ is a right- 
angled triangle. 

Hence ultimately, when Q comes up to P, by Introd, 
Art. (12), the angles PQp, PQq are equal : and hence, if 
QP be produced to X, the angles XPH, XPS are ultimately 
equal. 

But ultimately, when Q comes up to P, the secant QPJT 
becomes a tangent QT, by Int. Art. (9). 

Hence TPS = TPH. 

Cor. If HP be produced to /, and TP to B, the 
angles IPB, SPT are equal. (See fig. p. 11.) 



Prop. V. 

In the parabola, if PT a tangent, PM an ordinate, 
meet the principal axis AS in T, M; AT ^ AM. 

Draw PK perpendicular to the directrix, and therefore 
parallel to the principal axis. Then since 
(Prop. IV.) TPS = TPK, and TPK = 
PTS\ TPS=PTS; whence ST^ SP, 
that is, ^Pir. 

But PK:=^ DM. 

Hence ST^ DM; and taking away 
DS, DT^ SM ; whence, addmg AD 
^ AS, AT ^ AM. 

Cor. 1. Hence TM^^AM, and TM--^AT 

Cor. 2. If SYhe perpendicular on PT, PY^ FT, 
because SP = ST 

Cor. 3. Hence TJ : AM:: TV: YP\ and -^Tis paral- 
lei to PM, (Eucl. VI. 2) and therefore perpendicular to AM. 
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Cor. 4. Hence the angles ASY, YSP are equal, and SAY, 
SYP are right angles ; hence the triangles are similar ; and 

SA : SY :: SY : SP. 

Cor. 5. Hence 8Y^ = SA . SP. 

Cor. 6. Hence SP^ : SY^ :: S'P : SA. 
(This Cor. is used by Newton, Princip, Prop, xiii.) 

Cor. 7. If -K'P' be joined, since SP ■= P^, and the 
angle SPY-^KPY, and PF is common; therefore KYP 
= SYP which is = a right angle by construction. Hence 
5F^is a straight Une, and SY= YK. 

Def. 4. Any line parallel to the principal axis (Def. 2), 
is a Diameter, and the point where it meets the curve is the 
Vertex of that diameter. 

Def. 5. A line parallel to a tangent at the vertex of 
any diameter and limited by the curve and the diameter, 
is an Ordinate to that diameter : and the part cut off from 
the diameter is the Abscissa. Thus in Prop, vii., PR is a 
diameter, P, the vertex ; Q F, parallel to the tangent PF, 
is an ordinate ; PF, the abscissa. 

Def. 6. A Normal is a line drawn at any point perpen- 
dicular to the tangent at that point. 

Prop. VI. 

In the parabola, ifP^be a normal, meeting the 
principal axis in K, PMsm ordinate; MIC=^ 2 AS. 

For since PK is perpendicular to TP, by sim. tri. 

TM : MP :: MP : MK; or 
(Prop. v. Cor. 1.) 

2AM : MP :: MP : MK. 

But MP' =^4>AS.JM= 2 AS.2 AM; 

by Prop. II ; whence by Int. (4), "k »»£• s a 

we have the proportion 2 AM : MP :: MP : 2 AS; 
wherefore comparing this with the other proportion, 

MK=^2AS. 
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Prop. VII. 

In the parabola, PV being the abscissa in any 
diameter, QV the ordinate, and QO a perpendicular 
upon the diameter 

^AS.PV^Qa. 

Let FP meet the directrix in H; join SH; SH is per- 
pendicular to the tangent PY, and l 
SY^ YH (Prop. V. Cor. 6.) 

Draw SR parallel to PY, meeting 
PV in R. 

By similar triangles HPY, HRS, 
since SY = YH, RP = PH. 

But 8P = PJ7, by Def. of Para- 
bola. Hence HR^ which is ^ 9. HP, 
is =2«P. 

Draw ST perpendicular to HR 
and Pilf, io AS\ and let S^ meet the directrix in Z>. And 
let QO, perpendicular to PF and to the axis, meet the axis 
iniV: 

Then NQt = NO" + OQ^ + 9,N0 . OQ. 

But NQ = ^AS.ANy and iNTO-, that is, iJ/P^ = i^AS.AM. 
(Prop. II.) 

Hence 4^5^. AN^^ ^AS.AM-^ OQ^ + 2N0.0Q. 
Or, taking away equals, namely 4iAS . AM 

4,AS . MN '^ 0(^ + ZNO . OQ. 
But by similar triangles QOV, HTS, (both similar to STR) 
OQ : or :: TH : TS, that is, OQ : OViiZAS: NO. 
Therefore NO. 0Q = ZAS. OV, and 2N0 . OQ <= 4> AS . OV. 
Hence 4>A8. MN, that is, 4>A8. OP - OQ' + ^AS. OV; 
and taking away equals, namely ^A8 . OV, 

4>JS.PV= 0Q\ 
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Prop. VIII. 

On the same suppositions 

4:SP.PV^QV\ 

Retaining the construction of last Proposition, by similar 
triangles, OQ, F, 8HR, we have 

that is, :: HT . HR : HR\ or :: HT : HR, (Eucl. vi. 8.) 
that is :: ZA8 : 2/SP, as shewn before in (Prop, vii.); 
.-. OCt : Qf^ ::2JS : 28P :: 4>AS .PV : 4>SP .PV. 
But 4>JS . PV = 0Q\ by (Prop, vii.); 
.-. (Eucl. V. U.) 4/SP.Pr- QV\ 

Cor. In the same way, if the ordinate QV meet the 
curve again in q, we may prove 4iSP. PV ^ qVK 

Hence 5 F=Qr. 

Def. 7. A line ^SP is called the Parameter to the 
vertex P, or to the diameter PR. 

Prop. IX. 

For, any diameter, the ordinate passing through the 
focus is equal to the parameter to that diameter. 

K PY (kst fig.) be the tangent, SPY = HPY by Prop. 
IV.; and ii is parallel to PY\ therefore by alternate 
angles PSR « PRS ; and PR = PS. 

Now RL^ = 4,yP. PjR by Prop. viii. 
•% RL^^^SP^; RL^2SP,Ll^4>SP. 

Def. 8. The radius of the circle of curvature [Int. 
(14.)] is called the Radius of Curvature. The chord of the 
cfrcte of curvature drawn parallel to the axis, or passing 
through the focus, is called the Chord of Curvature parallel 
to the axis or through the focus. 
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Prop. X. 

In the parabola, at any point P, the chord of curva- 
ture parallel to the axis is « 4:SP. 

Let PQK be a circle which has the tangent PR in com- 
mon with the parabola at P ; 
and which cuts the parabola 
in Q, near to P. Draw RQK 
parallel to the axis, cutting 
the circle in K. 

If Q r were drawn as in 
Prop. VII,, parallel to PR, 
meeting the diameter PI in 
V, it is evident that Q F would 
= RP and PV would ^ RQ. 
And since by Prop. viii. we 
had 4>SP. PV ^ QV\ we 
should have4*S'P. RQ « RP^. 
But by Eucl. in. S6, RK . RQ = RP^ ; and therefore RIT . RQ 
«= 4iSP . RQ, and RK = 4iSP. And since this is always true, 
it is true when Q comes up to P. Therefore ultimately 
RK ^ 4iSPx that is, for the ultimate circle, PI, parallel to 
AS, is = 4>SP. 

But the ultimate circle is the circle of curvature at P. 
(Int. Art. 14.) Hence PI, the chord of the circle of curva- 
ture parallel to the axis, is = 4 SP. 

Cor. 1. If PL be the chord of this circle drawn through 
the focus, PL and PI make equal angles with the tangent. 
(Prop. IV., Cor.) Hence if IL were joined, angle PLI=^ PIL 
(Eucl. III. 32.) Hence PL = PI. Wherefore PL, the chord 
of curvature drawn through the focus, « 4iSP. 

Cor. 2. Let PM be drawn perpendicular to the tangent 
at P. Then PiUf will be a diameter of the circle of curva- 
ture. And if LMhe joined, the triangles PLM, PYS will 
evidently be similar. Hence 

SY : SP :: PL : PM; that is, SV : SP :: 4^SP : PM; 
PM being the diameter of the circle of curvature. 

Cor. 3. If O bisect PM, ST : SP :: 2SP : PO; the 
radius of curvature. 
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Hence Ca « CJ, 



Def. 1. An ellipse is a curve line such that the dis- 
tances of every point in the curve from two fixed points 
(the Foci) are together equal to a constant line. 

If S, Hy be the two fixed points; P, a point in the 
curve ; then SP + PH = a constant line, wherever be P. 

Prop. I. 

I( SHhe joined and bisected in C, and if ^, in US 
produced, be a point in the curve, SP + PH ^ 2CA. 

For since J, P are points in the 
curve, SP-^PH^ SJ + AH. But 
SA + AH=^ CA - CS + C-4 + CH\ 
and this is - 2 CA^ because CS t= CH. 

Cor. 1. If a, in SH produced, 
be a point in the curve, it will appear, 
in like manner, that SP + PH = 2Ca. 

Cor. 2. Hence SP + PH ^ Aa. 

Def. 2. Cis caUed the Center of the ellipse. -4 a is 
called the AoAs Major ; CA is called the Semi-axis Major. 
The ratio of CS to CA is called the Eccentricity, 

Cor. 3. If CB be perpendicular to CA, and B a point 
in the curve, CB" = CA"" - CS\ 

For, since 5 is a point in the curve, by Def. 1, SB 
■hBH=:2CA. 

And BH= SB, by equal triangles. 

Therefore, 2 SB ^2 CA, and SB = CA. 

And CB^ ^SB"-- CS"" ; .-. CB" - C^^ - CS'^ 

The line CB is called the Semi-a^a Minor. 

Cor. 4. If 6 in i/C produced be a point in the curve, 
in like manner C6« = CA^ - CS^ ; whence C6 = CB, and 2^6 

c. s. B 
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The line Bb i& the Axis Minor. 

Cor. 5. Hence CA^ = CB' + C8\ 

Cor, 6. CB" ^ AS . Sa, by Cor. 3 ; for CA^ - CS' 
^AS.Sa. (Int. (3)) 

Prop. IL 
In the ellipse, if from the point P, we draw PM 
perpendicular on the axis major, and take a point I, 

such that 

CA : CS : CM : CI; 
we have AI = SP, and a/= ^P. 

For ^P2 = SM' + Jfp2, and jyp^ = HM^ + MP"; 




therefore HP"" - SP" = HM'' -- SM^ ; 

therefore {HP + SP) {HP-^SP) = {HM + SM) {HM - SM); 

that is, 2C.4 . {HP - *SP) ^^CS.2CM. 

Whence CJ : CS :: 2 CM : HP-- 8P. Int. (4) 

But CJ : CaJ :: 2 CM : 2 CI, by construction ; 

whence by Eucl. v. 14, HP - /SP «= 2 CI. 

But HP + SP^2CJ by Prop. i. 

Hence by Int. (3) HP =CA +CI=aC + CI= al; 

andASP= CA'-CI^AL 

Prop. III. 
If in the axis major of an ellipse, we take CS : 
CA : : CA : CE, and draw EK pei-pendicular to EC^ 
meeting PK perpendicular to EK from a point P in the 
curve ; SP : PK is a constant ratio. (See last fig.) 
From the construction, invertendo, we have 

CE : CA :: C4 : CS, 
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that is :: CM : CI, retaining the construction of Prop. ii. 

Hence alternando CE : CM :: CA : C/, 

whence div. CE i CE - CM :: CA : CA-^CI; (Int. 4) 

or CE : ME :: CA : AI; 

that is, CE : PK :: CA : SP, by Prop. ii. 

Hence inv. and aft. S'P : PK ;: (CJ : C-B ::) CS : CA, 
a constant ratio. 

Def. 4. JE-K' is called the Directrix of the ellipse. 

Def. 5. Pil/ is an Ordinate to the axis major, and AM 
is the Abscissa of the point P. 

Prop. IV. 

In the ellipse, MP being an ordinate to the axis 
major, (fig. Prop, ii.) 

AM. Ma : MP" :: CA' : CB". 

Take (as in Prop, ii.) CA : CS :: CM : CI; whence 
CA.CI^ CS.CM. 

Now by Prop. ii. SP = AI, whence SP^ ^AP. 

But SP" = SM^ + iJ/P»; .-. AP « ^IP + MP'; 

that is, (CJ - Clf = (C^y - Caf)* + MP^; 

hence, CJ'+ C/> - 2CA.CI^ CS^ + CiM^- QCS.CM+ MP' 

Hence, (adding equals 2 CA . C/ and 2 C/S . Cilf) 

CJ^ + CP = C5^ + CifeP + MP". 

But CJ' - CS' + C*S^; by Prop. i. Cor. 5; 

.-. CB'+CS' + CP^CS'+CM' + MP'; 

.-. CB' + CP^CM' + MP'; 

.-. CB^^MP'^CP^CM'; 

.-. Ci?» - itfP = C!af» - C/*. 

But since CA : CS :: CM : C/, C-4> : CS" :: CikP : C/*; 
(Int. 4.) 

B2 
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whence div. CA"" : CJ^ - CS' :: C3P : CM' - C/* ; 
therefore CJ^ : CA^ - CS" :: CillT^ : CB^ - MP ; 
that is, CJ^ : CB" :: CJiP : CB^ - MP" (Prop. i. Cor. 3) 
whence alt, CA" : CM"" :: CB' : C5^ - MP^ ; 

whence dfv. C-4« : CA' - CM' :: CB" : MP" ; 
or CA^ : ^ilf . Ji/a :: CS^ : MP"; (Int. (3)) 
whence alt. AM . Ma : MP" :: CA^ : SC«. 

If M fall between ^y and A, SM ^ CM - CS, and the 
proof is in other respects the same. 

Cor. 1. If ilfP' be the ordinate on the other side of 
the axis major, we may prove in like manner that 

AM. Ma : MP"^ :: CA"" : CBK 
Hence MP' = MP. 

Cor. 2. If a circle be described on J a as a diameter, 
(fig. Prop. VII.) and if the ordinate MP meet this circle inp ; 

Mp^ = AM . Ma, by Eucl. iii. 35. Hence 
Mp"" : MP" :: AC : BC; whence 
ilfp : MP :: ^C : 5C, 

Pbop. V. 

In the ellipse, if there be drawn through the focus 
a double ordinate LI; LI is a, third proportional to the 
axes major and minor. (See fig. p. 7.) 

By Prop. IV. CA"^ : CB^ :: AS.Sa : SL\ 

But AS.Sa^ CA' - CS" = CB", by Prop. i. Cor. 3 ; 

.-. C^* : OB' :: CB' : SL'; 

whence CA : CB :: CB : 8L; 

and taking the double of each term, 

Aa : Bh :: Bb : LI. 




G 
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Def. 6. The line LI is called the Latus Rectum of the 
ellipse. 

Prop. VL 
In the ellipse, if TPZ be a tangent at the point P, 
the angles SPT, HPZ are equal. 

Let Q be a point near to P. 

Take in SQ, Sp = SP, and take in HP, Hq « HQ, and 
join PQ. 

Since by Def. 

SP+PH= SQ-\- QH, 

taking away QH, 

SP+ PH^QH^SQ, 

that is, SP + Pq^ SQ ; 

whence Pq = SQ - S'P = Qp. 

Also, since Sp = SP, the angles SPp, SpP are equal; 
and ultimately, when Q comes up to P, and the angle PSQ 
vanishes, both these angles are right angles. Hence PpQ 
is ultimately a right angle. In like manner, QgP is ulti- 
mately a right angle. 

Hence ultimately, by Int. Art. (12), the angles PQp, 
QPq are equal, that is, PQS, QPH are ultimately equal. 
Produce QP to any point X; then, ultimately, when Q comes 
up to P, the secant QPX becomes a tangent ZPT by 
Int. (10); the angle PQS, or XQS, becomes TPS; and the 
angle QPlf becomes ZPH. Hence ZPT being the tangent, 
the angles TPS, ZPH are equal. 

Cor. If SP be produced to W, PW and PH make 
equal angles with PT the tangent. And in like manner if 
HP be produced. 

Prop. VII. 

In the ellipse, if PT", a tangent at P, meet the 
major axis produced in T, we have 

CM : CA :: CA : CT. 
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For, by Prop. vi. Cor. since P T makes equal angles with 
SP produced and PIT, 




A T 



we have, by Euel, vi. a. 

HP : SP :: HT : ST. Hence, by Introd. (4) 

HP+SPiHP-- SP :: HT + ST : HT ^ ST, 
or 2CJ : fiP - SP :: 2 CT : SH. But by Introd. (7) and (8) 

HP - SP : HM - SM :: SH : HP + SP or 2CA. 

Compounding, 2 CJ : HM ~ SM or 2 CM :: 2CT::2CJ; 

whence CJ : CM :: CT : CJ; 

and CM : CJ :: C^ : CT. 

Cor. 1. If a circle be described on the major axis as a 
diameter, and if a tangent to this circle be drawn at the point 
where the ordinate meets it ; the tangent to the ellipse and 
to the circle meet the major axis in the same point. 

For in the circle, p T being the tangent, we have CpTo, 
right angle, whence by Eucl. vi. 8, CM : CJ :: CJ : CT. 

Def. 7. Any line drawn through the center of an 
ellipse and terminated both ways by the curve is a Diameter 
of the ellipse. The Vertew of a diameter is the point where 
it meets the curve. 

Prop. VIII. 

Every diameter is bisected by the centre of the 
ellipse. 

Let P be any point in the curve, C the center ; join PC 
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and produce it to G so that CG 
= CP; join SG, HG. Then by 
equal triangles PCS, GCH, SP 
= HG ; in like manner HP = SG. 
Therefore SG + GH^SP+ PH, 
whence by Def. (7 is a point in the 
curve ; and therefore PG is a dia- 
meter; and PG is bisected in C. 

Cor. 1. The angles SPC, HGC are equal, wherefore 
HG is parallel to SP. In like manner SG is parallel to 
HP\ and the figure SPHG is a parallelogram. 

Cor, 2. The tangents at the extremities of a diameter are 
parallel. Let ZPT, VGUhe the tangents at the extremities 
of the diameter PG. Then, since HPZ^SPT, SlSPT 
+ SPH^ 2 right angles. In like manner 2IIGU+ SGH 
= 2 right angles. Take away SPH « SGH. Hence 2SPT 
= 2HG[7, and SPT = HGU, or adding equals SPC, HGC, 
CPT = CGU, whence PT is parallel to GU. 

Def. 8. A second diameter is conjugate to a first, when it 
is parallel to the tangent drawn at the extremity of the first. 

A conjugate diameter is sometimes called simply con- 
jugate. 

Prop. IX. 
In the ellipse, if CD be conjugate to CP, CP is 
conjugate to CD. 




Let a circle be described on the major axis ^a as a 
diameter; and let the ordinates MP, ED, at the points P and 
D, meet this circle in the points p and d. Let the tangents 
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to the ellipse at P and Z>, meet the axis major in T and U\ 
then Tp and Ud will also be tangents to the circle at p 
and d, by Prop. vii. Cor. !• 

Since CZ) is conjugate to CPy by Def. 4, C-D is parallel 
to PT; whence by similar triangles, 

MP : £Z) :: il/T : CE. 

Now we have Mf = C;)* - Ci»f* = CA" - CJf^ « AM. Ma. 

And jBd* = AE , ^a, in like manner. 

And by similar triangles, CM : Mp :: JfcTp : MT; 

whence CM.MT^Mp\ 

Hence CM .MT :=^ AM. Ma. 

But AM. Ma : Mi" :: (C^' : C5^ ::) AE.Ea : J^i)^ 

(Prop. IV.) 

hence CJ/ . MT : MP' :: EcP : £'2^. 

and Caf . MT : EcP :: iifP^ : EJ^, 

that is :: MT' : CE\ by sun. tri. 

Hence, alt. CM. MT : MT" :: EcP : CE"; 

or CM : MT :: ^cf : CE'; 

or CM' :CM.MT::EcP: CE^; 

whence, as before, CM' : Mp' :: EcP : CE' ; 

whence CM : ilfp :: Ed : C-&. 

Hence the triangles CMp, dEC are similar ; and the 
angle dCE is the complement of MCp; whence jpCd is a 
right angle. 

Hence d U, perpendicular to Cd, is parallel to Cp ; and 
hence, by similar triangles, UEd, CMp, UE : Ed :: CM : Mp ; 

but we have also by Prop. iv. Cor. 2, 

Ed : ED :: (AC : BC ::) Mp : MP ; 

hence compounding, UE : ED :: CM : MP. 

Hence the triangles UED, CMP are similar, and hence 
CD is parallel to DU; that is, CP is conjugate to CD. 

Cor. 1. CM . MT r:^ AM . Ma. 

Cor. 2. CP, CJ> being conjugate, pCd is a right angle. 

Cor. 3. The triangles CMp, dEC are similar, and 
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side Cp = Cd ; hence they are equal, and CM « Ed. In 
like manner CE t= Mp. 

Cor. 4. Also DE : CM :: C5 : CJ, because CM = Ed. 

Prop. X. 
In the ellipse, CP and (7i? being conjugate, 
CP'-\-CD' = CA'^CB\ 

For (last fig.) CP" + CZ)^ = Ci/'^ + MP^ + C£* + jE:i>« 
= Ca/* + MP" + iJ// + ED^ by Prop. ix. Cor. 3. 
= C/ + MF^ + ETf = C-4' + MP" + £Z)». 
But Mp^ : AC" :: i/P : BC\ 

and £ef : AC :: JEJO' : ^C. 
Whence by Eucl. v. 24, Mp^-\-EdP : AC :: MP^^EIf : £C*. 
But Jf/+ £e?=ilf/ + CJ/*, that is, = ^CbyProp.ix.Cor.S; 

.-. MP" + £2>* = BC 
Whence CP" + CD ^ CJ" + C£*. 



Prop. XI. 
The parallelograms circumscribed about an ellipse, 
(the sides being parallel to conjugate diameters,) are all 
equal in area. 

If Pp, Dd he two diameters conjugate to each other, 
and if at P, p, D, d, lines 
be drawn parallel to CD 
and CP, they will be 
tangents, by Prop. viii. 
Cor. 2, and will form a 
circumscribed parallel- 
ogram. 

And of this parallel- 
ogram PCDG is one fourth part. 

Let CFbe perpendicular on PT; then 
by Prop. VII, CM : CA :: CA : CT; 
by sim. tri. CD : DE :: CT : CY; 
by Prop. viii. Cor. 4, DE : CM :: CB : CA. 
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Hence compounding, by Int. (5) CD \ CA :: CB : CY; 

whence CD.CY •= CB.CJ. 
And hence the parallelogram CDGP, which is equal to the 
rectangle, contained fay CD, CY, is equal to the rectangle 
CA . CB ; and hence the whole circumscribed parallelogram 
is always — the rectangle Ja.Bb. 

CoR. 1. Draw PF perpendicular to DC, then PF'= CV; 
wherefore CD.PF- AC. BC. 

CoR. 2. Hence AC : PF :: CD : BC. 

Def. 5. The Ordinate, Abaciaaa, Normal, Chords of Cur- 
vature and Radius of Curvature, are defined in the Ellipse 
in the same manner as in the Parabola. Sec the Definitions 
after Props, t. and ix. of the Parabola. 

Thus if, in next figure, CPhe a diameter, QFparallel to 
the tangent at P is an ordinate, and PVis the abscissa. 

Prop. XII. 
In the ellipse, if QFbe an ordinate to a diameter 
PCG, and CD conjugate to CP, 

PV, VGiQV'.: CP": CD". 

Let Aa be the major axis of the eUipse; and on this, 
as a diameter, let a circle be 
described. Lettheordinates 
MP, NQ, meet the circle in 
p, g. Then by Prop. vi. Cor. 
], the tangents PT, pT 
meet the axis in the same 
point r. Let QV meet the 
axis in JT, and Cp meet the 
ordinate UV in v. 

Then UV : Uv :: MP : Mp by sim. tri. which is :: NQ 
: Nq, by Prop. iv. Cor. Therefore Xvq is a straight line. 
Also because ri*is parallel to XQ (by Def. of ordinate,) 
XU : UV :: TM : MP, and, as before. 
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UV : Uv :: MP : Mp, whence, compounding, 

XU : Uv :: TM : Mp; whence XUv, TMp are 
similar triangles, and Xvq is parallel to Tp, and therefore 
perpendicular to Cp. Therefore qt^^ C^ - Ct^=^ Cp^- Ct^. 
And by Prop. ix. Cor. 2, ^CcJis a right angle, whence Cd 
is parallel to qX. 

Now CP" : Cr" :: Cp' : Cv^ by sim. tri. 

.-. CF^ : CP' - CP :: Cp^ : Cj9« - Ci;*, that is, qv^; 

or aZ«. CP^ : Cp^ :: CP" -- PJT i q\f. 

But CeP : CD« :: (y^« : Q^^ ::) gi/* : QF* by sim. tri. 

Compounding the porportions, recollecting that Cp - Cd ; 

CP" : CD'' :: CP" - PV : QF*; 
or, CP" : CZy :: PV. VG : QF*. 

CoR. If QPmeet the ellipse again in Q', we may prove 
in the same manner, that 

PV. VG : Civ :: CP" : CD^ whence Q'r= QT. 

Prop. XIII. 

In the ellipse, the perpendiculars from the foci upon 

the tangent meet it in the circumference of a circle 

whose diameter is the axis major. 

Let YPZ be a tangent at P, SY^ and HZ perpendi- 
culars upon it from the foci S, H. 

Produce HP to W, making PW ^ SP. Join SW meeting 
the tangent in Y. Then because PW= PS, and WPY= SPY, 
(Prop. VI. Cor.) the triangles are equal in all respects, and 
SY is perpendicular to PY. 

Join CY. Since SIV^2SY, 
and SH = 2 SC, the triangles 
S'(7r,>S'iIFraresmnlar. There- 
fore jff FT = 2 CF. 

But HW^ HP-^PW^HP 
+ PS^2CA. 

Therefore CY = CJ; and 
Y is in the circumference of 
the circle. 
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Similarly, by producing SP to v, making Pv = PJB", 
and joining Hv meeting the tangent in Z, it may be shewn 
that HZ is perpendicular to the tangent, and Z a point in 
the circumference of the circle. 

CoR. 1. If CD be parallel to PVy meeting OH in E; 
PECY is a parallelogram, and PE = CV, and therefore 
PE « AC. 

Cor. 2. If PS produced meet DC in ^', PE' is equal 
to PE because the angles PEE', PE'E are equal. There- 
fore PE' = AC. 

Prop. XIV. 

In the ellipse, the rectangle of perpendiculars from 
the foci upon the tangent is equal to the square of the 
semi-axis minor. (See the last figure.) 

Produce ZH to meet the circle (described on Ad) in 
O; join CO. Then, since OZF is a right angle, it is in a 
semicircle: therefore YCO is a diameter; and being a 
straight line, the triangles YCS, OCH are equal ii^ all 
respects. Hence HO = ^SF: 

wherefore SY . HZ = HO . HZ^ AH.Ha ^^ BC, by Prop. 
1. Cor. 6. 

Prop. XV. 
In the ellipse SP.ffP = CD'. (See fig. to Prop, xii.) 

SP : SY :: PE : FF, by sim. tri. 

HP : HZ :: PE : PF, by sim. tri. 
.-. SP.HP : SY.HZ :: PE" : PF' 

:: AC : PF'; by Prop. xiii. Cor. 1. 
.-. SP.HP : SY. HZ :: CD' : BC\ by Prop. xi. Cor. 2. 
But SY.HZ ^ BC\ by Prop. xiv. 
.-. SP.HP ^ CD\ 
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Prop. XVI. 
In the ellipse, if PK be the normal (see fig. Prop. 
XVII. supplying the line PK). 

CM : MK :: C4« : CB'. 
Since PK is perpendicular to PT, 
By aim. trL TM : MP :: MP : MK; 
,'. TM.MK^MP". 
But TM. MC - AM . Ma ; by Prop. ix. Cor. l. 
.-. TM.MC : TM.MK :: AM. Ma : ilfP 

:: AC? : jBC*. by Prop. iv. 
or MC : MK :: JC« : jBC. 

Prop. XVII. 
In the ellipse, \i PUhe a tangent at P meeting the 
minor axis produced at U, and if PN be perpendicular 
on the minor axis ; CN : CB :: CB : CU. 




For by Prop. vii. CM i CA :: CA : CT. 

Hence CA^ = CM. CT: whence 
C4' - CM'' =CM.CT- CM"" = CM . MT. 

But MT : CT :: ilfP : CU by similar triangles : whence 
CM.MT : CM.CT :: ilfP' : CU.MP; that is, 



C^* - C3f» 
AM. Ma 
AM. Ma 



OA* :: ilfP* 
itfP :: CA'' 
MP* :: CJ« 



CC/'. MP ; or, altemando, 
CU. CN. But by Prop. iv. 
CB^; wherefore 



CU.CN'=>CB^; whence CJNT : CB :: C5 : CU. 
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Prop. XVIII. 

In the ellipse, if PK be a normal, meeting the major 
axis in K and the conjugate in Fy PK. PF = BC^. 

Draw PM perpendicular to the major axis in J/, meet- 
ing the conjugate in E. Then 
since the conjugate CE is pa- 
rallel to the tangent PfJ, it is 
evident that PE = CU. Also 
PM = CN. And the triangles 
PMK, PFE are similar, having 
a common angle at P, and 
right angles. 

Therefore 

PK : PM :: PE : PF\ 

whence PK.PF^ PM. PE = CN . CU « C^, 
by Prop. xvn. 

Prop. XIX. 

In the ellipse, if PI be the chord of curvature at the 
point P passing through the center, 

CP : CD :: 2CI) : PI. 

Let PQK be a circle which has the tangent PR in 





common with the ellipse at P, and which cuts the ellipse 
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at Q, near to P. Draw RQK, parallel to PC, and let CP 
cut the circle in /. Draw Q V parallel to RP. 

Then by Eucl. iii. 36. RK.RQ ^ RP^, that is, ^ QV^. 

But by Prop. xii. 
PV.VG : QF :: CP^ : CD^; therefore 
PV.VG : RK.RQ :: CP" : CD"; hut PV^RQ; 
/. VG : RK :: CP' : CD". 

And ultimately, when Q comes up to P, VG becomes PG, 
or 2 CP, (Prop. VIII.) and RK becomes PI, the chord of 
curvature. 

Therefore 2CP : PI :: CP^ : CD\ whence 

2Ci* : CP.PI :: QCP' : 2C2)^; therefore 
CP.PI=^^CD^ ^CD.2CD; whence 
CP : CD :: 2CD : PI. 

Cor. 1. If Pilf be the diameter of the circle of curva- 
ture, let PM meet CD in F; then since PM is perpendicular 
to the tangent at P, it is perpendicular to CD, and PFC 
is a right angle. Henee the triangles PCF, PMI are similar; 

and CP : PF :: Pil^f : PI, whence CP.PI ^PF.PM. 

Hence by the proof of the Prop. PF . PM = 2 CD^ ; or, 
since PM^ 9.P0, PO being the radius of curvature, 

9.PF.P0 ^^CD\ PF. PO = CD\ 

whence PF : CD :: CD : PO. 

Cor. 2. Let PaSZ be the chord of the circle of curva- 
ture through the focus S. Let PL meet CD in E, and 
join PH\ then PjB ^ AC\ Prop. xiii. Cor. 1 ; 

Join ML. Then PPiS, PZ Jf are similar triangles ; 

therefore PM : PL :: PE : PF; 

hence PL . PE ^ PM. PF^^Ciy by Cor. 1 ; 

or PL.AC^9.Ciy. 

Hence AC : CD :\2CD i PL; 

and PZ is the chord of curvature through the focus. 



THE HYPERBOLA. 



Def. 1. A Hyperbola is a curve line such that every 
point in the curve has the diflTerence of its distances from 

two fixed points (the Fod) equal to a constant line. 

If Sy H be the two fixed points ; P a point in the 
curve : then HP - SP = a constant line, wherever be P. 

Prop. I. 

K SH be joined and bisected in C, and if A in HS 
be a point in the curve, HP - SP = 2CA. 

For since A, P, are points in the curve, 

HP - SP=^ HA- SA^HC+CA^ SA 
^SC-SA-^ CA^CA + CA^ 2CA. 
Cor. 1. If a, also in SH, be a point at which 

Sa- Ha^HP-- SP, 

a will be a point in a curve pa, in 
which Sp - Hp = the same constant 

line as HP - SP. In this case 

Sp - Hp^2 Ca. 

The curve jpa is the Opposite 
Hyperbola. 

Cor. 2. Hence HP -^ SP =^ Aa. 

Def. 2. C is the Centre of the hyperbola, ^a is called 
the Aods Major, or Transverse Axis; CA is called the 
Semi-axis Major. The ratio of CS to CA is called the 
Excentricity. 

Def. 3. Let CB be perpendicular to CA, and such that 

CB'^CS^- CA\ 

Then by analogy with the ellipse, CB is called the Semi-axis 
Minor of the hyperbola, or the Conjugate Semi-axis. 
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Cor. 3. CS^ = CA^ + CB^. 
Cor. 4. CB^ = (CS - CJ) (CS + CA) 

^AS.Sa^AH.Ha. 




Prop. II. 

In the hyperbola, if we draw PM perpendicular on 
the major axis, and take a point / in the axis, such 
that CA : CS :: CM : CI 

we have AI—SP, and al^HP. 
For ^yP* = SM^ + MP2, and HP^ = HM^ + MP^ ; 
.-. HP^ -^ SP^^ HM^ - SM\ 

{HP + SP) {HP - SP) 
= {HM + SM) {HM - SM) ; 
that is, (Prop, i.) 

(jffP + aSP) . 2C-4 = 2CM.2CS; 
whence C-4 : CaJ :: 2 Cif : -STP + SP. 
But by construction 

CJ : CS :: 2CAf : 2CI; 
wherefore HP ^ SP^'ZCI; 
and by Prop. i. HP - SP ^ 2 CJ. 
Hence by Int. (2), ^P = C/ + CJ = C/ + Ca = a/; 

SP^CI-CJ^^JI. 

Prop. IIL 

If in the major axis of a hyperbola, we take 

CS : CA :: C4 : CjG^, 

and draw UK perpendicular to EC, PK being perpen- 
dicular to EK from a point P in the curve, ;SP : PiiT, 
is a constant ratio. 

CS. C 
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Draw EK perpendicular to SE and PK parallel to SE^ 
then CE : CJ :: CJ : CS; 
.: CE : CA :: CM : CI; by (Prop, ii.) 

.-. CE : CM :: C^ : CI-, 

'. CE : CM- CE :: CA i CI- CA ; 

.-. CE : ME :: C^ : ^/; 

.-. CD : P^ :: CA : .SP; (by Prop, ii.) 

.-. SP : PJT :: {CA : CD) :: CS : CA. 

Hence SP : PK is a constant ratio. 

Def. 4. EK is called the Directrix 
of the hyperbola. 

Pkop. IV. 

In the hyperbola, MP being an ordinate to the axis 
major, 

AM. Ma : MP* :: CA' : CB'. (Fig. Prop, ii.) 

Take CA : CS :: CM : C/; whence CA.CI^CS. CM. 

Now by Prop. ii. SP - ^/, whence A'P' « AP. 

But .SP* - SM* + MP* ; .-. AI* - ASitP + JfP"; 

that is (CI - CAy « {CM - CS)* + MP^ ; 

hence C/«+ CJ* - iCA . C/ = Cilf * + C<S*- 2C^ . CM+MP*. 

And, adding the equals, 2Cu4 . CI and aCS. CiW ; 

C/" + CJ« = Cilf * + CS* + ilf P». 

But CS* = CA' + CB^ by Prop. i. Cor. 2 ; 
.-. C/2 + CJ* = CM' + CJ' + C5» + JIfP*, 
.-. CI' = CitP + CJ?« + MP*, 
CP - CM' ^ CB' + MP*. 

But since CA : C8 :: Ci/ : CJ, CA* : C-S^ :! CiJf : CP ; 
whence C^ : CA' :: CT* : CM*, 
and CS* - CJ» : CA' :: C/* - CM* : Cif * ; 



CONIC SECTIONS. 



85 



or, Prop. I. Cor. 2, CB" : CA"- :: CB" + MP" : CAP ; 

hence BC : CB' + MP" :: CA* : CAP ; 
whence CB" : MP" :: CJ' : CM* - CA* or AM . Ma ; 
hence alt. CB' i CA* :: MJP" lAM.Ma; 

whence AM. Ma: MP* :: CJ* : C5*. 

Cor. I. If MP be the ordinate on the other side of the 
axis, MP = MP. 

Cob. 2. If there be drawn through the focus a double 
ordinate LI, Z^which is called the Latus Bectum) is a third 
proportional to the axis mtgor and minor. 

The proof is the same as that of Prop. v. in the ellipse. 



Prop. V. 

In the hyperbola, if AD, Ad be parallel and equal 
to CB, and if MP meet CD, Cd mE,r; 

RP.Pr=CB^. 

By similar triangles, 

CA : AD, that is CB :: CM : MR. 

Hence CA* : CB* :: CM* : MR*. 

But CM*- CA* : MP^ :: CA* : CB*; 
Prop. IV. 

.-. CM* - CA* : MP* :: CM* : MR" ; 

.♦. alt. CM* - CA* '.CM*: MP* : MR*-, 
.: CM* - CA* : CA* :: MP* : MR* - MP*; 
.'. CM* - CA* : MP* :: CA* : MR* - MP*. 
But CM* - CA* : MP* :: CA* : CB*; 
.-. MR^ - MP* - CB*. 

But MB>- MP' ==RP.Pr; .. RP . Pr = CB*. 

C2 
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Cor. 1. If M' P^ he any other ordinate, meeting CDy 
Cd, in R\ r' ; RP". P'r ^RP.Pr. 

CoR. 2. As CM increases without limit, Pr increases 
without limit, and PR diminishes without limit. 

Hence as P is further from Ay the curve approaches 
nearer to the straight line CJR, without limit, but never 
meets it. 

Def. 5. CR (and in like manner Cr) is called an Aaymp^ 
tote to the hyperbola. 

Cor. 3. Since RP .Pr ^ Rp.pr, it is evident that 
PR -pr: for the given line Rr being divided into segments 
making a given rectangle, the magnitude of the segments is 
given. 

Prop. VI. 
In the hyperbola, if any line TQt meet the asymptotes 
and the curve in T, t, Q ; and if CV^ bisecting Tt, meet 
the curve in P, and PX, parallel to Tt, meet the asymp- 
tote in X, 

TQ.Qt=-FLK 

For since V bisects Tt, it is easily shown, by the similar 
triangles CVT, CPL, and CVt, CPl, 
that P bisects LI And SQs, RPr, i.^ 

being perpendicular to the principal b ^ 
axis; we have, also by similar tri- 
angles ; 

TQ : SQ :: PL : RP, 

and Qt : Qs :: PI : Pr; 

.'. compounding, TQ.Qt :: SQ.Qs :: PV : RP.Pr. 

But SQ.QS ^ RP.Pr, by (Prop. v. Cor. l); 

.-. TQ.Qt^PL\ 

Cor. 1. It appears in the same manner that if TQ meet 
the curve again in g', Tq.qt- PU. Hence TQ .Qt^Tq.qt. 
Therefore QT^qt: for the given line jT^ being divided 
into segments making a given rectangle, the magnitude of 
the segments is given. 
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Cor. 2. Hence the Kne LP I meets the curve in one 
point P only ; therefore PL is a tangent at P (Int. Art. 10). 
Hence all lines such as TQtBxe parallel to the tangent at P. 

Def. 6. In the hyperbola, as in the ellipse, a Diameter 
is a line passing through the center and terminated both 
ways by the curve. The Vertex is the point where the 
diameter meets the curve. An Ordinate to any diameter is 
a line parallel to the tangent at the Vertex, and meeting 
the diameter: the Abscissa is the line cut off from the 
diameter by the ordinate. 

Cor. S. It appears by the proof of Prop, vi., that if an 
ordinate QV meet the curve again mq^qV ^^ QV, 

Cor. 4. Also that if a tangent P meet the asymptotes 
in L, I, PI = PL. 

Cor. 5. Also that if a straight line LP I be bisected at 
P when it meets the curve, LP I is a tangent to the curve. 

Prop. VII. 
In the hyperbola, a tangent at any point bisects the 
angle made by drawing two lines from the point to the 
foci. 

Let P be the point in the curve ; PS, PH the lines 
drawn to the foci ; Q a point near to P. 

Take in SQ, Sp = SP, and in HQ, Hq = HP and join 
PQ, and let PQ produced meet the axis X. 

Then HQ -- SQ ^ HP -- SP, 

whence HQ = HP-^SQ-SP 
^HP^ Qp, 

and hence HQ - HP = Qp, 

that is, Qq - Qp. 

Also since Sp = SP, the an- 
gles SPp, SpP are equal; 
and ultimately, when Q 
comes up to P, and the angle PSQ vanishes, both these 
angles are right angles. Hence Pp Q is ultimately a right 
angle. In like manner PqQis ultimately a right angle. 
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Hence ultimately, by Int. (12) the angles PQp, PQq are 
equal, that is, PQS, PQH, or XPS, XPH are ultimately 
equal. But ultimately the secant XQ^P becomes a tangent 
PT. Hence ultimately, when PT is a tangent, the angles 
TPS, TPH, are equal. 

Prop. VHI. 

In the hyperbola, if PT^ a tangent at P, meet the 
major axis in T, and PM be the ordinate ; we have 

CM : CA :: CA : CT. 

For since PT bisects the angle HPS, we have by 
Eucl. VI. 3. HP : SP :: HT : ST. 
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Hence, Int. (3) 

HP+SP : HP-'SP :: HT + ST : HT - ST, 

or, (Prop. I.) HP+ SP : 2CA :: SH : 2 CT. 

But by Introd. (7) or (8), PM being perpendicular on HS, 
HM+SM : HP + SP :: HP - SP, or 2CJ : SH. 

Compounding, HM + SM, or 2 CM : 2CA :: 2CJ : ^OT; 

whence CM : CJ :: C4 : CT. 

Cor. Hence CM . CT «^ CA\ 

Prop. IX. 

In the alternate angles between the asymptotes of 
two opposite hyperbolas may be described two other 
hyperbolas having the same asymptotes. 

The semi-axis minor CB being perpendicular to CA, as 
in Def. 8, and any line NX, parallel to CA, being drawn, 
if X be always taken so that 

CN^ - CB^ : NX^ :: CB^ : CA^\ 



CONIC SECTIONS. 



89 




the curve BX will have the same property which JP is 

shown to have in Prop, v., and 

hence will be an hyperbola. 

And in like manner, if C6 

= CB on the other side of 

C4, bx drawn in the same way 

as BX^ will be the opposite 

hyperbola to BX. 

And if AD be equal and 
parallel to CJ?, CD will be an 
asymptote to the curves, by 
Prop, V. Cor. 2. 

Cor. 1. If ^d be equal and parallel to C6, Cd will be 
an asymptote to the hyperbola bx. 

Cor. 2. On this supposition, AB will be parallel to Cd. 

Def. 6. BXy bx are conjugate hyperbolas to AP and ap. 

Prop. X. 

In the hyperbola, if from any point P, PM, PN 
be drawn parallel to the asymptotes, and meeting them 
in M and iV, the rectangle PM.PN is the same for 
every point P. 

Let the asymptotes CD, Cd be drawn as in Prop, v., and 
let PMf PN be drawn parallel 
to Cd, CD, and meeting CD, 
Cd in M, N. Join AB, meet- 
ing CD in O ; AB will be pa- 
rallel to Cd, that is, to PM 
(Prop. IX, Cor. 2); and A BCD 
will be a rectangle. Through 
P, let RPr meet the asymp- 
totes in B, r. 
Then by similar triangles, 

PM : PB :: AO : AD; 

PN : Pr :: OD : AD. 
Compounding, 
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PM.PN : PR.Pr :: AO.OD : AD^. 

But by Prop. v. RP.Pr^CB^^ AD\ 

Hence PM .PN ^ AO . OD ^ AO^i 

for JO = OD, since ADBC is a rectangle. 

And hence PM . PNv& the same for every point P. 

Cor. 1. We have also CM. MP ^ ACP. 

Cor. 2. The parallelogram CMPN is double of the tri- 
angle COA. For if CP be joined, the triangles CMP, CO A 
are equal, since they have the angles CMP, COA equal and 
the sides reciprocally proportional. (Eucl. vi. 15.) 

Cor. S. All the parallelograms such as CMPN are 
equal to each other, wherever is P. (Eucl. vi. 14.) 

Cor. 4. If LPHy a tangent at P, meet the asymptotes 
in L and H, the triangles LCHare equal wherever is P. For 
by Prop. VI. Cor. 5, LH is bisected in P. Hence LM = MC, 
and the triangle LCH is double of the parallelogram CMPN 
which, by Cor. 3, is always equal. 

CoR. 5. CM : CO :: AG : MP. 

Cor. 6. AO = BO. 

Prop. XL 

Every diameter is bisected by the center of the 
hyperbola. 

Let P be any point in the curve (fig. to Prop, vii.) C 
the center. 

Join PC, and produce it to G, so that CG = CP : join 
SG, HG. 

Then by equal triangles PCS, G CH, SP--HG; in 
like manner, HP = SG. Therefore SG -■ HG -^ ffP - SP; 
whence by Prop. i. Cor. l, 6 is a point in the opposite 
hyperbola. And hence PG is a diameter. And PG is 
bisected in C 

Cor. 1. The figure SPHG is a parallelogram. 

Cor. 2. The tangents at the extremities of a diameter 
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are paraUeL For let PT, GUhe the tangents at the ex- 
tremities P, G of the diameter PG. Then because CPS 
« TPS^CPT, and CPH ^ TPH -- CPT, we have CPS 
- CPH^2CPT, because TP8 and TPH are equal. In 
like manner CGH - CGS « 2 CGt7, because t7G/f and 
HGS are equal. But because CPS - CC-&, and CPU 
= CG5; we have CPS - CPiT = CCil - CGS. Therefore 
2 CPr = 2 CGir, and CPT - C7Gt7 ; whence PTia parallel 
ioG17. 

DiT. 7. In the next figure, if CD be parallel to the tangent 
at P, the Diameter CD is conjugate to the Diameter CP. 

Prop. XII. 

In the hyperbola, the tangents at the extremities of 
conjugate diameters form a parallelogram of which tho 
asymptotes are diagonals. 

Draw PMD parallel to the asymptote IlCIi, meeting 




the hyperbola and the coiyugatc hyperbola in P, D. Then, 
Prop. x. Cor. 1, CM.MF ^ JO^. For tho same roaHou 
CM. MD = B0\ But AO - BO. (Prop. x. Cor. «.) There- 
fore MD = MP. 

Take ML = CM, and draw LPII, LDK meeting tho 
asymptote HCK. Then by similar triangles, because ML 
« CM, LP = PH. Hence by Prop. vi. Cor. 5, PL is a 
tangent at P. For the like reason DL is a tangent at Z>. 

Also, since MD = MP, by similar triangles, CK — CH. 
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But since HP ^ PL, and KD = DL, and CK ^ CH, 
CP, CD are parallel to LK, LH, and CPLD is a parallel- 
ogram. And in like manner Pd, Dp, dp are parallelo- 
grams, HIKL is a parallelogram. 

Also, Cp^CP, Cd^ CD. (Prop, xi.) 

And hence, by Def. 7, CP, CD are evidently diameters 
conjugate each to the other. Also by Prop, xi., since C 
bisects Pp, Dd, p, d, are points in the opposite and con- 
jugate hyperbolas respectively ; and because Ip = pK, IK 
is a tangent, and because Hd == dl, HI as a tangent. (Prop. 
VI. Cor. 5.) 

Hence the parallelogram HIKL is formed by tangents 
at the extremities of conjugate diameters. 

Cor. 1. If CD is conjugate to CP, CP is conjugate 
to CD. 

Cor. 2. PD parallel to the asymptote, is bisected in M. 

Cor. S. In Prop. vi. PL is equal to CD, the semi-con- 
jugate to CP ; and that Proposition becomes TQ. Q^ = CD^. 



Prop. XIII. 

In the hyperbola, the parallelograms formed by the 
tangents at the extremities of conjugate diameters are 
all equal. 

For by Prop. x. Cor. 4, the triangle HCL is equal, 
wherever is P. And the parallelogram HIKL in Proposition 
XII. is evidently four times the triangle HCL. Therefore 
the parallelogram HIKL is always the same in area. 

Cor. 1. If PF be perpendicular on CD, CD . PF 
^AC.BC; for CD. PF is the parallelogram CPDL, and 
AC . BC is the corresponding parallelogram when the con- 
jugate diameters are CA, CB. 

CoR. 2. Hence AC : PF :: CD : BC. 
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Prop. XIV. 
In the hyperbola, if CP be any diameter and QV 
an ordmate to it, 

PV. VG : QV :: CP" : CD: 




By Prop. VI. TQ.Qt. PL', 
that is, since F bisects Tl, VP - FQ' - PL' ; 
... VP - PL' . FS". 
But by sim. tri. CV : CP :: YT : PL; 

... CV : CP :: VT' : PL'; 

.: CV-CP' : CP" :: FT' - PL' : PV, 

OP CV-CP' : CP' :: FQ* ; PL'; 

.: CV - CF- : VCf :: CP" : PL', 

or by Int. (3) GV. VP : QV :: CP" : CD". 

Prop. XV. 
In the hyperbola, CP, CD being conjugate, 

CP'-CD>= CA' - CB>. 
For since PD is bisects by the asymptote in M, 
{Prop. xii. Cor. 2.) 
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ZF" = {ZM + MPf = ZM^ + MF^ + 2ZJf . J/P, 

ZD« = (ZJ/ - JfP)« = ZM"" + il/P - ZZM.MP\ 

.\ ZP^ - Z2>3 = 4^ZM.MP\ 

.-. CP* - CD^ = 4ZJ/ . MP by right-angled triangles (for 
CP" = CZ"^ + ZP^, and CD^ = CZ^ + Z2>^), 

Now ZM : -aro :: CM : CO, by sim, tri. 

i: AO : MP, by Prop. x. Cor. 5 ; 

.-. ZM.MP^XO.AO, 
and 4ZJ/ . il/P = 4^0 . ^O. 
But since AO = OB, (as in Prop, x.), 
4^0.^0=:^J^-P^^ 

= AC^ - BC^^ by right-angled triangles. 
Hence CP" - C2>« = Aa - ^C^. 

Prop. XVI. 

In the hyperbola, the perpendiculars from the foci 
on a tangent meet it in the circumference of a circle 
whose diameter is the axis major. 

In PH, take PW=^ SP\ join *? FT meeting the tangent 
in Y. 

Then because PW = PS, 
and WPY^ SPY, (by Prop. 
VII.) the triangles are equal 
in all respects ; and SY is 
perpendicular to PY, 

Join CY. Since SW = 
^SY, and SH^ 2SC, the tri- 
angles SCY, SHW are simi- 
lar. Therefore ^»r= 2 Cr. 

But HW ^HP-'PW^HP'' PS^9. CA (Prop, i.) 

Therefore OY = CA ; and y is in the circumference of 
the circle. And similarly for Z. 

Cor. If CD be parallel to PY, meeting PH in E; 
PE = CY, therefore PE = CA. 
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Pbop. XVII. 

In the hyperbola, the rectangle of the perpendiculars 
from the foci upon the tangent is equal to the square of 
the semi-axis minor (last fig.) 

Betaining the construction of the last Proposition, let 
ZH^ perpendicular from the focus H on the tangent PZ^ 
meet the circle (described on -4 o) in O; join CO. 

Then since OZY is a right angle, it is in a semi-circle ; 
therefore YCO is a straight line : and being a straight line, 
the triangles YCSj OCH are equal in all respects. Hence 
HO = SY\ and SY. HZ ^ HO . HZ ^ AH . Ha ^ CB", by 
Prop. I. Cor. 4. 

Prop. XVIII. 

In the hyperbola, SP.HP ^ CD". 
In fig. to Prop. XVI,, PF being perpendicular to CD, 
SP : SY :: PE : PF by sim. tri. 
HP : HZ :: PE : PF by sim. tri. 
therefore compounding 

SP.HP : SY.HZ :: PF? : PF^ 

:: AC^ : PF^ by Prop. xvi. Cor. 
BC^ : BCr- by Prop. xni. Cor. 2. 
But SY.HZ^ BCy by Prop. xvii. 

.-. SP.HP ^ciy. 

Prop. XIX. 
In the hyperbola, if PK be the normal, 
CM : MK :: CA^ : CB'. (See fig. Prop, viii.) 
We have CM^ = CM. CT+ CM.MThy EucL ii. 3. 
= CA^ ^ CM.MT,hy Prop. viii. Cor. l ; 

.-. CM^--CA^^CM.MT; 
that is, AM. Ma = CM. MT. Eucl. ii. 4. 



CONIC SECTIONS. 



Now by sim. tri. MT : MP :: MP : ME"; 

.'.MK,MT^MP'. 
Hence CM.MT : MK.MT n AM. Ma : MP^i 
or CM : MK :: C4' : CB". 

Prop. XX. 
In the hyperbola, if PI be the chord of curvature at 
the point P, passing through the center, 
CP : CD :: 2CZ> :: PI. 
Let PQJr be the circle which has the tangent PR com- 
mon with the curve at P, and which cuts the curve again 
in Q. Draw RQ.K, parallel to CP, and let CP cut the cu-de 
in /. If QF were drawn parallel to RP, meeting PI in Vy 
we should have PV = RQ, and QK ■ PR ; and it is proved 




in Prop. XIV., that, such a construction being made, 
PY.VG : QP :: CP" : CD^\ therefore 
RQ.. VG : PR" :: CP> : CD^i buti>ii'-i?Q.iiA"; therefore 
RQ. VG : RQ. RK :: CP" : CH^, or 

VG : RK ;: Ci^ : CD\ 
And ultimately, when Q comes up to i*. VG becomes PO, 
or S CP, (Prop, XI.) and Bi" becomes PI, the chord of cur- 
vatnre. 

Therefore 2 CP : P/ :: CP* : C/)*, whence 

sCf : CP.P/ :: 2CP* : ZCiy-, therefore 



CONIC SECTIONS. 47 

CP .PI^SlCD^^ CD.2CD\ whence 
CP : CD :: 2CJD : PL 

Cor. 1. If Pif be the diameter of the circle of curva- 
ture, let MP produced meet CD in F* ; then since PM is 
perpendicular to the tangent at P, it is perpendicular to 
CD^ and PFC is a right angle. Hence the triangles PCF, 
P MI Sire similar; and CP : PF :: PM : PI, whence 

CP.PI^PF.PM. 

Hence by the proof of the Prop. PF. PM = 2 CD^, or 
since PM^ ^PO, PO being the radius of curvature, 

2PF. P0^2 CD\ PF.PO^ CD^\ whence 

PF : CD :: CZ) : PO. 

CoR. 2. Let PSL be the chord of curvature through 
the focus S. Let PL meet CD in E, and join PJ?; then 
PF=>JC, by Prop. xvi. Cor. 

Join MLf then PFL, PLM are similar triangles. 

Therefore PM : PL :: PE : PF; 

hence PL.PE^ PM. PF=9, CD^, by Cor. 1, 
or PL.AC^9.CD\ 

Hence ^C : CD :: 2CJD : PL\ 
And PL is the chord of curvature through the focus. 

* The line PF is omitted in the figure. 



THE END. 
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